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The quantum master equation is introduced for the density matrix representing
Bogoliubov-BCS quasiparticles. A constraint to relate the loss and gain factors is
taken into account to preserve the form of the density matrix. Such an equation can
be reduced to the semiclassical equation, and can be extended for the coexistence of
different order parameters.
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I. INTRODUCTION
Considerable efforts have been made to develop quantum kinetic approaches. [1–17]
Although semiclassical kinetic approaches can be used to model many irreversible processes,
quantum corrections should be taken into account when we consider the systems of the nano-
scale. Different master equations have been introduced for such corrections by including
quantum relaxation terms in addition to the Liouville term. [1–10] The Markoff master
equation is successful in quantum optics, [1, 2] and the equation of Lindblad form [3, 4] is
derived by considering suitable assumptions. It is also discussed in the literature how to
construct the quantum master equations to include Fermi and Bose properties. [5, 6] The
nonlinear relaxation terms have been introduced in Refs. [6] and [7] for non-interacting
identical fermions, and we can see the equivalence after some calculations. In addition to
the formal derivation, we can obtain such nonlinear terms intuitively by considering both
2the lifetimes of particles and holes based on the conservation of the number of particles in
each transition. [6, 8] Here holes are vacancies of any orbitals. The lifetimes of particles and
holes describe the loss and gain of particles, respectively, and the equations introduced in
Refs. [5–7] for fermions are symmetric with respect to particles and holes.
Because the nonlinear relaxation terms in Refs. [6] and [7] are for non-interacting
fermions, it is natural that they can become invalid when many-body effects are impor-
tant. [9] Such effects have been taken into account under significant two-body interactions,
which may induce the formation of Bogoliubov-BCS quasiparticles [18–24]. Such fermionic
quasiparticles have been successfully introduced to understand superconductors. While the
number of particles is conserved in the conventional noninteracting models, the conservation
is not necessary for quasiparticles. Semiclassical master equations have been proposed to
model Bogoliubov-BCS quasiparticles when the wave properties can be neglected. [25, 26]
On the other hand, WKB approximation [25, 27] based on Bogoliubov-de Gennes equation
[28] provides an analytic way to understand the wave behaviors. [29] To describe the quan-
tum wave properties when the relaxation effects are incorporated, it is of the fundamental
interest to extend the quantum master equations to Bogoliubov-BCS quasiparticles. [8, 30]
In this paper, the quantum master equation is extended for the fermionic density matrix
representing Bogoliubov-BCS quasiparticles. Without the loss of generality, we focus on the
quasiparticles due to the pairings of superconducting electrons in the coordinate space. In
section II, we discuss how to construct the loss and gain factors for such a density matrix
based on the general form introduced in Ref. [6]. Different types of order parameters [24]
can be taken into account in the extended equation, as shown in section III. The discussion
and conclusion are made in section IV and V, respectively.
II. A QUANTUM MASTER EQUATION FOR BOGOLIUBOV-BCS
QUASIPARTICLES
The master equation of the following form
∂
∂t
ρˆ(t) = i[ρˆ(t), Hˆ(t)]− {ρˆ(t), Γˆ(t)}+ {Iˆ − ρˆ(t), Γˆ′(t)} (1)
has been introduced in Ref. [6] for identical fermions. Here ρˆ(t) and Hˆ(t) represent the
density matrix and Hamiltonian for the considered fermions, Iˆ is the identity operator,
3and we denote [Oˆ1, Oˆ2] and {Oˆ1, Oˆ2} as the commutator and anticommutator for any two
operators Oˆ1 and Oˆ2. In this paper, we take the reduced Planck constant h¯ = 1. We require
that Γˆ(t) and Γˆ′(t) are both positive self-adjoint operators such that the above equation can
preserve the positivity and Pauli’s exclusion principle under suitable assumptions. [8] The
operator Iˆ− ρˆ(t) represents the density matrix for the corresponding holes, and the last two
terms in Eq. (1) describe the lifetimes of particles and holes for the irreversible effects due
to the relaxation and/or excitation. [6] To extend Eq. (1) as that [5, 6] for bosons, we just
need to replace the last term by {Iˆ + ρˆ(t), Γˆ′(t)}. We can see from Refs. [5–7] that the form
of Eq. (1) can be derived by different ways.
To see the meanings of the last two terms in Eq. (1) explicitly, consider the noninteracting
spin-unresolved electrons in a single band of one finite cube with the volume V under the
periodic boundary condition. In addition, assume that the Hamiltonian (defined in the
many-body space) can be approximated as the time-independent operator
Ho =
∑
k,σ
εkc
†
k,σck,σ (2)
around a specific time t1. Here σ is the spin orientation, the wavevector k is quantized in the
Brillouin zone because of the boundary condition, ck,↑ (ck,↓) represents the annihilator for the
spin-up (spin-down) electron with the plane wave ue(r;k) ≡ 1V 1/2 exp(ik · r) as the spatial
wavefunction, and the real number εk represents the eigenenergy of the spin-unresolved
orbital corresponding to ck,σ. Under Eq. (2), in the coordinate space the Hamiltonian Hˆe(t)
for electrons is
Hˆo =
∑
k,σ
εkue(r;k)u
∗
e(r
′;k), (3)
as t ∼ t1. (Taking |kσ〉 as the ket with ue(r;k) as the spatial wavefunction, Hˆo =∑
k,σ εk|kσ〉〈kσ|.) Because of the unresolved spin-splitting, 〈c†k,σck′,σ′〉 = 〈c†k,−σck′,−σ′〉δσ,σ′
and we do not need to consider the spin-orientation. Here we take 〈A〉 as the expectation
value of any (many-body) operator A with respect to the total (many-body) density matrix,
which describes both the reservoir and the considered system. When the transitions are
between the eigenorbitals of Hˆo, we shall replace the operators Γˆ(t) and Γˆ
′(t) in Eq. (1) as
Γˆe(t) =
∑
k
αe(k; t)ue(r;k)u
∗
e(r
′;k) and Γˆ′e(t) =
∑
k
βe(k; t)ue(r;k)u
∗
e(r
′;k) (4)
4in the coordinate space when t ∼ t1. Here αe(k; t) and βe(k; t) are the positive coefficients
for the loss and gain of electrons in orbital k, and for any complex number z we denote z∗
as its complex conjugate in this paper. Let Fe(k; t) = 〈c†kσckσ〉 as the number of electrons
annihilated by ck,σ at time t. We have from Eqs. (1) and (4)
∂
∂t
Fe(k; t) = −2αe(k; t)Fe(k; t) + 2βe(k; t)(1− Fe(k; t)). (5)
The function Fe(k; t) follows 0 ≤ Fe(k; t) ≤ 1 because electrons are fermions, and the first
and second terms at the right hand side of the above equation is to decrease and increase
the occupation number in orbital k. In Eq. (1), therefore, the last two terms are responsible
for the loss and gain. The above equation is just the nonlinear semiclassical master equation
[31] if
αe(k; t) =
∑
k′
ωk′k
2
(1− Fe(k′; t)) and βe(k; t) =
∑
k′
ωkk′
2
Fe(k
′; t). (6)
Here ωkk′ denotes the positive coefficient for the transition from k
′ to k if k 6= k′, and we
take ωkk = 0 for all k. Because the semiclssical master equation is not linear, it is natural
that the last two terms in Eq. (1) is nonlinear. [6, 7]
To extend Eq. (1) for Bogoliubov-BCS quasiparticles in superconudctors, we note that
the wavefunction
fb =

 f1
f2

 (7)
for such quasiparticles is the direct sum of the electron- and hole-components defined in the
coordinate space. For convenience, we denote f †b ≡ (f ∗1 , f ∗2 ). It is known that the effective
Hamiltonian is of the form [22, 28]
Hˆb(t) =

 Hˆe(t) κˆe(t)
±κˆ∗e(t) − Hˆ∗e(t)

 , (8)
where κe(t) represents the pairing field and Hˆe(t) = Hˆe(t) − µ with Hˆe(t) and µ as the
Hamiltonian and chemical potential for electrons. The two signs in ± have been introduced
for different BCS models. The effective density matrix is [22]
ρˆb(t) =

 ρˆe(t) ∆ˆe(t)
± ∆ˆ∗e(t) Iˆe − ρˆ∗e(t)

 , (9)
5where ρˆe(t) denotes the one-body density matrix for electrons, ∆ˆe(t) is the pairing tensor,
and Iˆe = Iˆ
∗
e is the identity operator for electron wavefunctions. The operators Hˆb(t) and
ρˆb(t) follow
Sˆbρˆ
∗
b(t)Sˆ
†
b = Iˆb − ρˆb(t) (10)
SˆbHˆ
∗
b (t)Sˆ
†
b = −Hˆb(t). (11)
Here
Iˆb =

 Iˆe 0
0 Iˆe


is the identity operator for Bogoliubov-BCS quasiparticles, and
Sˆb ≡

 0 Iˆe
∓Iˆe 0

 .
We can see from the direct calculations that the Hamiltonian and density matrix satisfying
Eqs. (10) and (11) can be wriiten as the forms given by Eqs. (8) and (9). To model
Bogoliubov-BCS quasiparticles by Eq. (1), we shall take ρˆb(t) and Hˆb(t) as the density
matrix and Hamiltonian in such an euqation. Let Γˆb(t) and Γˆ
′
b(t) as Γˆ(t) and Γˆ
′(t) for the
lifetimes of quasiparticles and quasiholes. It will be shown in this section that we shall
introduce the constraint
SˆbΓˆ
∗
b(t)Sˆ
†
b = Γˆ
′
b(t) (12)
to preserve Eq. (9). The lifetimes of Bogoliubov-BCS quasiparticles and quasiholes are
related under the above equation, which is reasonable because we can obtain the density
matrix for quasiholes from that for quasiparticles by Eq. (10)
To see why we need to introduce the above constraint, first we consider a s-wave pairing
case where the Bogoliubov transformation [21, 26]
γk↑ = zkck↑ + z
′
kc
†
−k↓ (13)
γ−k↓ = −z′kc†k↑ + zkc−k↓
yields the annihilators for the quasiparticle with the excited energy ξk > 0 around a spe-
cific time t1. Here the complex numbers zk and z
′
k denote the transformation coefficients.
6Let ub(r;k+) and ub(r;k−) ≡ Sˆbu∗b(r;k+) be the positive- and negative-energy orbitals
corresponding to the quasiparticles annihilated by γkσ, and assume that the Hamiltonian
can be approximated as Hˆb =
∑
k ξk[ub(r;k+)u
†
b(r
′;k+)− ub(r;k−)u†b(r′;k−)], the unper-
turbed Hamiltonian, as t ∼ t1. The number of quasiparticles in orbital k is Fb(k; t) =
tr[ρˆb(t)ub(r;k+)u
†
b(r
′;k+)]. We also have Fb(k; t) = 1− tr[ρˆb(t)ub(r;k−)u†b(r;k−)] because
tr[ρˆb(t)ub(r;k+)u
†
b(r
′;k+)] = 1− tr[ρˆb(t)ub(r;k−)u†b(r;k−)] (14)
from Eq. (10). Let 2αb(k, t) and 2βb(k, t) be the loss and gain rates of the quasiparticles
in orbital k when t ∼ t1. The loss (gain) in orbital k not only decreases (increases) the
occupation number in ub(r;k+), but also increases (decreases) the occupation number in
ub(r;k−) because of the above equation. By checking the loss and gain rates, we shall set
Γˆb(t) =
∑
k
αb(k; t)ub(r;k+)u
†
b(r
′;k+) + Γˆ
(l−)
b (t) (15)
Γˆ′b(t) =
∑
k
βb(k; t)ub(r;k+)u
†
b(r
′;k+) + Γˆ
(g−)
b (t) (16)
with the two operators
Γ
(l−)
b = Sˆb
(∑
k
βb(k; t)ub(r;k+)u
†
b(r
′;k+)
)∗
Sˆ†b =
∑
k
βb(k, t)ub(r;k−)u†b(r′;k−) (17)
Γ
(g−)
b = Sˆb
(∑
k
αb(k, t)ub(r;k+)u
†
b(r
′;k+)
)∗
Sˆ†b =
∑
k
αb(k, t)ub(r;k−)u†b(r′;k−). (18)
In comparison with Eq. (4), the first terms at the right hands of Eqs. (15) and (16)
can be taken as the extensions of Γˆe and Γˆ
′
e to BCS models by ue(r;k) → ub(r;k+),
αe(k; t) → αb(k; t), and βe(k; t) → βb(k; t). On the other hand, Γˆ(l−)b and Γˆ(g−)b are to
relate the occupation numbers in negative- and positive-energy orbitals. We can see that
Eqs. (15) and (16) yield operators Γˆb(t) and Γˆ
′
b(t) following Eq. (12) by direct calculations.
It is known that pairing creations/annihilations [29] should be incorporated in addition to
quasiparticle transitions. By checking the loss and gain rates, we can obtain the coefficients
αb(k; t) =
1
2
∑
k′
ω
(T )
k′k(1− Fb(k′; t)) +
1
2
∑
k′
ω
(A)
kk′Fb(k
′; t) (19)
7βb(k; t) =
1
2
∑
k′
ω
(T )
kk′Fb(k
′; t) +
1
2
∑
k′
ω
(C)
kk′ (1− Fb(k′; t)) (20)
for the relaxation term due to the electron-phonon interaction. Here ω
(T )
kk′ , ω
(A)
kk′ , and ω
(C)
kk′
represent positive real parameters for the quasiparticle transition from k′ to k, pairing
annihilation for quasiparticles in k and k′, and pairing creation for quasiparticles in k and
k′, respectively. Under Eqs. (15)-(20), the quantum master equation can be reduced as
∂
∂t
Fb(k, t) = −2αb(k; t)Fb(k, t) + 2βb(k; t)(1− Fb(k, t)) (21)
= −
∑
k′
ω
(T )
k′k(1− Fb(k′; t))Fb(k, t)−
∑
k′
ω
(A)
kk′Fb(k
′; t)Fb(k, t)
+
∑
k′
ω
(T )
kk′Fb(k
′; t)(1− Fb(k, t)) +
∑
k′
ω
(C)
kk′ (1− Fb(k′; t))(1− Fb(k, t)).
The above equation, in fact, is just the semiclassical master equation for Bogoliubov-BCS
quasiparticles when the relaxation term is due to the electron-phonon interaction. [25]
In general, we can include the spin orientation and extend Eq. (14) as
tr(ρˆb(t)fbf
†
b ) = 1− tr[ρˆb(t)(Sˆbf∗b )(Sˆbf∗b )†] (22)
for any normalized quasiparticle wavefunction fb. If Γˆb(t) (Γˆ
′
b(t)) induces the decrease (in-
crease) of the number of quasiparticles in fb, Γˆ
′
b(t) (Γˆb(t)) should induce the increase (de-
crease) of the occupation number in Sˆbf
∗
b based on the above equation. Therefore, we shall
use Eq. (12) to relate Γˆb(t) and Γˆ
′
b(t). When Eq. (12) is valid, the form given by Eq. (9)
is preserved under Eq. (8) if the time evolution of the density matrix follows Eq. (1). To
see this, assume that a fermionic density matrix ρˆb(t) follows Eq. (1) with Hˆ(t) = Hˆb(t),
Iˆ = Iˆb, Γˆ(t) = Γˆb(t), and Γˆ
′(t) = Γˆ′b(t). (Here an operator Oˆ is fermionic iff the inner
product 〈α|Oˆ|α〉 for any normalized ket α is a real number between 0 and 1.) In addition,
assume that Sˆbρˆ
∗
b(ti)Sˆ
†
b = Iˆb− ρˆb(ti) such that Eq. (10) holds true at the initial time ti, and
let ρˆ′b(t) ≡ Sˆb(Iˆb− ρˆ∗b(t))Sˆ†b = Iˆb− Sˆbρˆ∗b(t)Sˆ†b when t ≥ ti. It is easy to see that ρˆ′b(ti) = ρˆb(ti),
and ρˆ′b(t) is also fermionic. The time derivative of ρˆ
′
b(t) follows
∂
∂t
ρˆ′b(t) = iSˆb[ρˆ
∗
b(t), Hˆ
∗
b (t)]Sˆ
†
b + Sˆb{ρˆ∗b(t), Γˆ∗b(t)}Sˆ†b − Sˆb{Iˆb − ρˆ∗b(t), Γˆ′∗b (t)}Sˆ†b (23)
= i[ρˆ′b(t), Hˆb(t)] + {Iˆb − ρˆ′b(t), Γˆ′b(t)} − {ρˆ′b(t), Γˆb(t)}
from Eqs. (11) and (12). Hence ρˆ′b(t) is also a fermionic density matrix following Eq. (1)
with the initial condition the same as that for ρˆb(t). Because the uniqueness of the solution to
8Eq. (1) is expected under suitable assumptions, [8] we have ρˆb(t) = ρˆ
′
b(t) = Sˆb(Iˆb − ρˆ∗b(t))Sˆ†b
for any time t ≥ t0. The equality implies Eq. (10), under which ρˆb(t) is of the form given
by Eq. (9). Therefore, the form of ρˆb(t) is preserved under Eqs. (1) and (8) when Γˆb(t) and
Γˆ′b(t) satisfy Eq. (12).
III. THE MASTER EQUATION FOR THE COEXISTENCE OF DIFFERENT
ORDER PARAMETERS
In addition to superconducting electrons, other identical fermions may also form
Bogoliubov-BCS quasiparticles by pairing. Equation (9) can be used for different Fermi
systems if we replace ρˆe(t) and ∆ˆe(t) by the density matrix and pairing tensor for the corre-
sponding fermions. For fermionic Bogoliubov-BCS quasiparticles, we can substitute ρˆb(t) for
ρˆe(t) at the right hand side of Eq. (9) to extend such type of quasiparticles by introducing
the density matrix
ρˆB(t) =

 ρˆb(t) ∆ˆb(t)
± ∆ˆ∗b(t) Iˆb − ρˆ∗b(t)

 . (24)
Here ∆ˆb(t) is the pairing tensor for the quasiparticles described by ρˆb(t), and ρˆB(t) represents
the extended Bogoliubov-BCS quasiparticles. Because ρˆb(t) and Iˆb− ρˆ∗b(t) are 2×2 matrices,
∆ˆb(t) is also a 2× 2 matrix and ρˆB(t) is a 4× 4 matrix. It will be shown in this section that
different order parameters can be incorporated by introducing ρˆB(t), and the following two
constraints
SˆB ρˆ
∗
B(t)Sˆ
†
B = IˆB − ρˆB(t) (25)
AˆB ρˆB(t)Aˆ
†
B = ρˆB(t) (26)
for ρˆB(t) can be introduced based on Eq. (10). Here the 4 × 4 matrices SˆB =

 Sˆb 0
0 Sˆb

,
IˆB =

 Iˆb 0
0 Iˆb

, and AˆB =

 0 Sˆb
∓ Sˆb 0

. The operator IˆB is just the identity matrix for
the particles described by ρˆB(t). To model ρˆB(t) by Eq. (1), let HˆB(t), ΓˆB(t), and Γˆ
′
B(t) as
the corresponding Hˆ(t), Γˆ(t), and Γˆ′(t) in such an equation. It will be also shown in this
9section that we shall introduce
SˆBHˆ
∗
B(t)Sˆ
†
B = −HˆB(t) (27)
SˆBΓˆ
∗
B(t)Sˆ
†
B = Γˆ
′
B(t) (28)
for the validity of Eq. (25), and introduce
AˆBHˆB(t)Aˆ
†
B = HˆB(t), (29)
AˆBΓˆB(t)Aˆ
†
B = ΓˆB(t) (30)
for Eq. (26).
Because Eq. (24) is obtained from Eq. (9) by substituting ρˆb(t) for ρˆe(t), we can see that
the constraint
Sˆ ′B ρˆ
∗
B(t)Sˆ
′†
B = IˆB − ρˆB(t) (31)
with the 4 × 4 matrix Sˆ ′B =

 0 Iˆb
∓ Iˆb 0

 is equivalent to Eq. (24) from the equivalence
between Eqs. (9) and (10). In addition, the following two constraints
Sˆ ′BHˆ
∗
B(t)Sˆ
′†
B = −HˆB(t) (32)
Sˆ ′BΓˆ
∗
B(t)Sˆ
′†
B = Γˆ
′
B(t) (33)
should be introduced for Eq. (31) just as Eqs. (11) and (12) are introduced for Eq. (10). To
use ρˆb(t) to represent the quasiparticles resulting from electron pairing, however, we shall
introduce additional constraint for ρˆb(t) to follow Eq. (9).
We can see from the last section that Eq. (9) is preserved iff Eq. (10) holds true, and Eqs.
(11) and (12) are important to the validity of Eq. (10). The 4 × 4 matrix SˆB =

 Sˆb 0
0 Sˆb


is the natural correspondence to the 2 × 2 matrix Sˆb, so it is reasonable to extend Eqs.
(10)-(12) as Eqs. (25), (27), and (28). From Eq. (25), ∆ˆb(t) is of the form
∆ˆb(t) =

 ∆ˆ′s(t) δˆs(t)
± δˆ∗s(t) − ∆ˆ′∗s (t)

 . (34)
10
The matrix AˆB equals the product SˆBSˆ
′
B. Therefore,
AˆBρˆB(t)Aˆ
†
B = SˆB(Sˆ
′
B ρˆ
∗
B(t)Sˆ
′†
B)Sˆ
†
B = ρˆB(t) (35)
and we can obtain Eq. (26) from Eqs. (25) and (31). In fact, Eq. (26) is equivalent to Eq.
(31) under Eq. (25), so we only need to consider Eqs. (25) and (26) for the form of ρˆB(t)
and ρˆb(t). By checking AˆBHˆB(t)Aˆ
†
B and AˆBΓˆB(t)Aˆ
†
B, we can see that Eqs. (29) and (30)
are equivalent to Eqs. (32) and (33), respectively, if Eqs. (27) and (28) hold true. So we
just need to take Eqs. (27)-(30) as the constraints on the quantum master equation. By
considering the time-derivative of SˆB(IˆB − ρˆ∗B(t))Sˆ†B and Sˆ ′B(IˆB − ρˆ∗B(t))Sˆ ′†B, we can prove
that the form of ρˆB(t) is preserved under these constraints.
From Eqs. (9), (24), and (34), we can rewrite ρˆB(t) by
ρˆB(t) =


ρˆe(t) ∆ˆe(t) ∆ˆ
′
e(t) δˆe(t)
±∆ˆ∗e(t) Iˆe − ρˆ∗e(t) ± δˆ∗e(t) − ∆ˆ′∗e (t)
±∆ˆ′∗e (t) ± δˆ∗e(t) Iˆe − ρˆ∗e(t) − ∆ˆ∗e(t)
δˆe(t) ∓ ∆ˆ′e(t) ∓ ∆ˆe(t) ρˆe(t)

 (36)
Assume that fB be a normalized eigenfunction of ρˆB(t) at a specific time t = t1. Because
ρˆB(t1) is a 4× 4 matrix, fB includes four component and we can write
fB =


fe1
fh1
fh2
fe2

 . (37)
By checking the contribution of fBf
†
B to ρˆB(t1), we can see that the components fe1f
∗
e1 and
fe2f
∗
e2 are incorporated in the first and fourth diagonal terms, both of which are just ρˆe(t1).
On the other hand, fh1f
∗
h1 and fh2f
∗
h2 are incorporated in the second and third diagonal
terms, both of which are Iˆe − ρˆ∗s(t). Because ρˆe(t1) and Iˆe − ρˆe(t1) represent the density
matrices for electrons and holes at t1, we shall take fe1 and fe2 as electron components and
take fh1 and fh2 as hole components. Therefore, fB contain two electron components and two
hole components just as the four-component wavefunctions introduced for the coexistence of
the superconducting and antiferromagnetic orders in Ref. [24]. The coexistence may reveal
the key to understand the high-temperature superconductors. The operator δˆe(t) in Eq.
11
(36) can correspond to the antiferromagnetic order while ∆′e(t) and ∆e(t) can be taken as
the superconducting orders, and the extended master equation for ρˆB(t) could be used to
model the nonequilibrium phenomena when there are different order parameters.
For the BCS-type quasiparticles described by ρˆB(t), the density matrix for the corre-
sponding quasiholes is IˆB− ρˆB(t). Just as mentioned in Ref. [8], we can substitute ρˆB(t) for
ρˆe(t) at the right hand side of Eq. (9) for the further extension. A chain of density matrices
ρˆn(t), in fact, can be constructed by generalizing Eqs. (9) and (24) as [8]
ρˆn+1(t) ≡

 ρˆn(t) ∆ˆn(t)
± ∆ˆ∗n(t) Iˆn − ρˆ∗n(t)

 (38)
for any positive integer n if we set ρˆ1(t) ≡ ρˆe(t) and Iˆ1(t) ≡ Iˆe(t). Here ∆ˆn(t) and Iˆn
denote the corresponding pairing fields and identity operators. (Under the above equation,
ρˆb(t) = ρˆ2(t), Iˆb(t) = Iˆ2(t), ρˆB(t) = ρˆ3(t), and IˆB(t) = Iˆ3(t) .) On the other hand, we can
extend the Bogoliubov-BCS density matrix by considering the quasiparticles with multiple
electron components and the coupling between them and the corresponding quasiholes. [32]
The orbial fB in Eq. (37) can be interpreted as coupling between the antiferromagnetic-like
quasiparticles 
 fe1
fe2

 (39)
and the corresponding quasiholes 
 fh1
fh2

 . (40)
There is no upper limit to the number of components in principal, and it may be convenient
to introduce the extra dimensions for the quasiparticles with the infinite components.
IV. DISCUSSION
The corresponding Hamiltonian HˆB(t) in the last section, in fact, is of the form
HˆB(t) =


Hˆe(t) κˆe(t) κˆ′e(t) vˆe(t)
±κˆ∗e(t) − Hˆ∗e(t) ± vˆ∗e(t) − κˆ′∗e (t)
±κˆ′∗e (t) ± vˆ∗e(t) − Hˆ∗e(t) − κˆ∗e(t)
vˆe(t) ∓ κˆ′e(t) ∓ κˆe(t) Hˆe(t)

 (41)
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iff Eqs. (27) and (29) are valid. For the time-independent case, the eigenstate of the
above Hamiltonian is of the form given by Eq. (37), in which fe1 and fe2 are the electron
components and fh1 and fh2 are the two hole components. When κˆs = κˆ
′
s = 0, there is no
coupling between the electron and hole components and HˆB can be reduced as
Hˆa =

 Hˆe vˆe
vˆe Hˆe

 , (42)
of which the eigenstate is of the form given by Eq. (39) and includes only two electron
components just as the antiferromagnetic-quasiparticle eigenstate. In addition, Eq. (29) is
reduced as
Aˆ′HˆaAˆ
′† = Hˆa, (43)
where
Aˆ′ =

 0 Iˆe
Iˆe 0

 . (44)
For the dx2-y2 density wave (DDW) model [23], the wavevector k = (kx, ky) satisfies
max(kx, ky) ≤ pi. In addition to the noninteracting Hamiltonian given by Eq. (2), we shall
include the antiferromagnetic term W =∑k∈ABZ Wkc†k,σck+Q,σ +W ∗kc†k+Q,σck,σ. Here ABZ
denotes the antiferromagnetic Brillouin zone where |kx| + |ky| ≤ pi, the vector Q = (pi, pi),
and eachWk is a complex number. Let Wˆ =
∑
k∈ABZ,σWkue(r;k)u
∗
e(r;k+Q)+W
∗
kue(r;k+
Q)u∗e(r;k) be the effective term corresponding to W, the DDW effective Hamiltonian is
HˆDDW =

 PˆABZHˆoPˆABZ PˆABZWˆ(Iˆe − PˆABZ)
(Iˆe − PˆABZ)Wˆ†PˆABZ (Iˆe − PˆABZ)Hˆo(Iˆe − PˆABZ)

− µIˆb. (45)
Here the projection operator PˆABZ is to project any electron wavefunction into ABZ. Each
eigenket of HˆDDW is of the following form
ua(r;k) = Zkue(r;k)

 1
0

 + Z ′kue(r;k+Q)

 0
1

 , (46)
where the coefficients Zk and Z
′
k satisfy
 εk − λk Wk
W ∗k εk+Q − λk



 Zk
Z ′k

 = 0 (47)
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with λ
k
as the eigenenergy. It is natural that
u′a(r;k) = Zkue(r;k)

 0
1

 + Z ′kue(r;k+Q)

 1
0

 = Aˆ′ua(r;k) (48)
plays the same role (with the same eigenenergy λ
k
) as ua(r;k) since u
′
a(r;k) can be obtained
by using Aˆ′ to exchange the first and second components of ua(r;k). For the DDW model,
actually we can construct the effective Hamiltonian HˆD
HˆD = HˆDDW + Aˆ
′HˆDDW Aˆ
′† (49)
such that both Eqs. (46) and (48) provide the eigenkets. The Hamiltonian HˆD, in fact, is
just a specific time-independent form of Hˆa because
Aˆ′HˆDAˆ
′† = HˆD. (50)
For each λk, HˆD has two degenerate eigenstates ua and u
′
a.
When Hˆa is time-independent, we can diagaonalize it by the eigenkets of Aˆ
′ because of
Eq. (43). The operator Aˆ′ has only two eigenvalues +1 and −1, and the corresponding
eigenkets are of the forms
f
(1)
m (r)√
2

 1
1

 and f (2)m (r)√
2

 1
−1

 , (51)
respectively. The functions f
(1)
m (r) and f
(2)
m (r) should satisfy
Hˆ(1)e f
(1)
m = εmf
(1)
m and Hˆ
(2)
e f
(2)
m = εmf
(2)
m (52)
to determine the eigenvalues and eigenfunctions of Hˆa, where
Hˆ(1)e = Hˆe + vˆe and Hˆ
(2) = Hˆe − vˆe. (53)
In fact, we can take Hˆe = (Hˆ(1)e + Hˆ(2)e )/2−µIˆe and vˆe = (Hˆ(1)e − Hˆ(2)e )/2 to construct Hˆa by
Eq. (42) when two electron-like Hamiltonians Hˆ
(1)
e and Hˆ
(2)
e are given. For a chemical bond,
as shown in Appendix,we can include the correlation between covalent and ionic states by
using two Hamiltonians Hˆ
(1)
e and Hˆ
(2)
e .
For each ρˆn+1 with n > 1 constructed by Eq. (38), we can reduce the quantum master
equation into 2n−1 irreversible equations for electron parts after decoupling the electron and
hole components. We note that such decoupling yields Hamiltonians such as Hˆa similar to
those introduced for fractal structures [33], and the single-particle scheme of Pershin et al.
[9] are based on a set of irreversible equations.
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V. CONCLUSION
A quantum master equation is obtained for the density matrix representing Bogoliubov-
BCS quasiparticles. Such an equation can be reduced to the semiclassical equation, and can
be extended for the coexistence of different order parameters.
Appendix
Consider a chemical bond between two atoms X and Y (based on the linear combination
of atomic orbitals), and assume that the electronegativity of atom Y is much higher than
that of atom X. Therefore, the ionic state
|Ψ1〉 = c†Y ↑c†Y ↓|0〉 (54)
is dominated and we do not need to consider the probability for both electrons to occupy
the orbital close to atom X. Here |0〉 denotes the vacuum state, and c†Y ↑ (c†Y ↓) is the creator
to occupy the up-spin (down-spin) orbital near atom Y in such a chemical bond. To include
the covalent contribution [34], we shall consider the covalent state
|Ψ2〉 = 1√
2
(c†X↑c
†
Y ↓ + c
†
Y ↑c
†
X↓)|0〉, (55)
where c†X↑ (c
†
X↓) is the creator following {cXσ, c†Y σ} = 0 for the up-spin (down-spin) orbital
dominated by the component belonging to atom X. Therefore, the ground-state wavefunction
is
|Ψ〉 = C1|Ψ1〉+ C2|Ψ2〉 (56)
with the coefficients C1 and C2 satisfy |C1|2 + |C2|2 = 1.
Let φX(r) (φY (r)) be the normalized spatial part for the up- and down-spin orbitals
of atom X (Y) in such a chemical bond. Because one electron should be located at the
orbital of atom Y in both |Ψ1〉 and |Ψ2〉, it is natural to include ρˆ(1)(r, r′) = φY (r)φ∗Y (r′)
as the density matrix for one corresponding quasiparticle. On the other hand, we can set
ρˆ(2)(r, r′) = φL(r)φ
∗
L(r
′) with φL(r) = C1φY (r)+C2φX(r) as the density matrix for the other
quasiparticle to include effects due to the linear combination of |Ψ1〉 and |Ψ2〉. The total
energy E , which is due to Coulomb potential U(r1, r2) = 1/4piε|r1 − r2| in addition to the
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Hamiltonian hˆ including the kinetic term and external field, for such a chemical bond is
E = tr[hˆ(ρˆ(1) + ρˆ(2))] +
∫
d3r1d
3r2U(r1, r2)ρˆ
(1)(r1, r1)ρˆ
(2)(r2, r2) (57)
+(
√
2− 1)[trhˆdˆ+
∫
d3r1d
3r2U(r1, r2)ρˆ
(1)(r1, r1)dˆ(r2, r2)]
+
∫
d3r1d
3r2U(r1, r2)ρˆ
(1)(r1, r2)dˆ
′(r2, r1).
Here ε denotes the dielectric constant, dˆ ≡ ρˆ(1)ρˆ(2)(Iˆe − ρˆ(1)) + (Iˆe − ρˆ(1))ρˆ(2)ρˆ(1), and dˆ′ ≡
(Iˆe− ρˆ(1))ρˆ(2)(Iˆe− ρˆ(1)). We can consider the variation on the energy E to obtain the effective
Hamiltonains Hˆ
(1)
e ≡ δE/δρˆ(1) and Hˆ(2)e ≡ δE/δρˆ(2).
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